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1 Introduction

A function f is in the Schwarz space S(R) if f € C*°(R) and

sup
«
A distribution wu is singular at z if for all ¢ € C°(R) with ¢(xp) = 1,

Flu] & S(R).

Here we say that xg is in the singular support of u.

Wave front set.

Let zg € R and let x4 be smooth and satisfy

)1 £>1
X+(§)-—{O €< -1

If there exists a ¢ as described above such that x (&) F[¢Yu] € S(R), then (zg, +1) ¢ WF (u).

Analogously, we can define y_ to determine whether (zg, —1) is in the wavefront set.

The Fourier transform of a smooth compactly supported function f(z) is fast decreasing: for any
N there exists a constant C'y such that

f©l<on+eh™.
This idea can be utilized to describe the singularities of a distribution.
A distribution u is singular at zg if for all ¢ € C°(R) with ¢(xg) = 1,
Fyu] is not fast decreasing.

If (xo,£1) € WF(u) then x+F[¢u] is not Schwarz, but we can further classify the strength of the
singularity via the Sobolev wave front set.



For s € R, the Sobolev space H*(R) consists of tempered distributions u € §'(R) such that

Jul|Fs = /R(l + [€17)%]a(&) Pde < oo.

Sobolev wave front set.

If

[ @+ 1) @ Ful (@) d < oo

then

(z0,£1) ¢ WE™ ().

\. .

In other words, WF"(u) consists of singularities of u around which w« is not microlocally in H™(R).
Example: 6(x) has a singularity at z = 0.
Since Fy(x)d(z)] = 1 for all v € C(R) with 9(0) =1,

(0,£1) € WF(6(x)).

We know that
/1 (1 + €)™ de < o0

if m < —%. Therefore (0,£1) ¢ WF~""(§) for m > % and (0,£1) € WF~™(5) for m <
The operator

N[ =

Az ue FH (O Flu] (€)]
is a (classical) pseudodifferential operator of order 0 with right symbol
a(z,8§) = x+(§)Y(x).

This symbol is elliptic in the co-direction (zg,+1). Thus we obtain an alternate definition for the
wave front set:

A point (zg, £1) ¢ WF(u) if there exists a (classical) pseudodifferential operator A € ¥°(R)
with oo(A)(zo, £1) # 0 such that Afu] € S(R).

Because we are interested in solutions u to (—92 — k% + q)u = f € S(R), we only need to consider
tempered distributions u € S(R) N C*°(R), so the classical wave front set is empty:



Scattering wave front set.

Let ¢4 (x) be a smooth function supported near +o0o, equal to 1 for |z| sufficiently large. A
point (£, k) € {£oo} x R is not in WF.(u) if for some 6 > 0 and a function x, s € C°(R),

() = 1 [t—r|<é
Xm0 0 |t — K| > 20,

the tempered distribution

Pyru(z) = F ! [ ()F [Yxu] (6)] € S(R)

The scattering wave front set tells us what oscillatory behavior remains in v as * — 4oo. If
(+,K) € WFg(u) then u has a component that looks like e** as z — oo.
For example, let us compute F [1/46““’1.

o0

F [w_’_ einx] _ Uli)%{ i (x)emxefi(§+ia)xdx
i(k—(&+io))x |0 00 /! i(k—(&+io))x
— lim Vi (x)e - / 1/}+(x)e ' da
o—0- | ik —(£+i0)) |, o i(k—(£+10))

)
— lim — wif-( — (£ +i0))
o—0-  i(k— (£ +1i0))

This could be singular at £ = k. We need to investigate what @E(n) looks like near 7 = 0 to know.

Observe that
=/wumwzl
R

w@%={1|£_ﬁ<5

Then if we let ¢ € CX(R)

0 |£—kK|>20

we have

w1 U= (€ +i0))(1 — p(€) + 9(€))
T[] = Jim - i(k — (€ +i0))
- (k- (€ +i0))p(6)
=9(&) - lm +z’(ﬁ —(E+i0))

where ¢ is Schwarz because the zero on the numerator is the same order as the zero in the de-
nominator. Let us apply the distribution defined by the second term to a Schwarz class function



f(&):

/ ¢+f€— (& +i0))p(&) f( / ¢+’<ﬂ—(§+w)) (&) (f(&) — f(ﬁ)+f(l€))d§
(k — (§ +1i0)) i(k — (£ +1i0))
Yy (5 — (€ +i0))p(€)
i) [ ey

K425 1 _ io
:h(o)+f(,.;)/ Wil — (€41 ))s)o(ﬁ)d5

_os i(k — (£ +i0)

We can evaluate this integral by closing in the upper half plane and deforming the contour around
the singularity at £ = k, to finally obtain

F [¢4e™™] = ad(€ — k) + bPV < ! ) + (&)

E_

where s € S.
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